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Abstract

This paper presents an analytical study of electroosmotic (EO) pumps with porous pumping structures. We have developed an
model to solve for electroosmotic flow rate, pump current, and thermodynamic efficiency as a function of pump pressure load fo
structure EO pumps. The model uses a symmetric electrolyte approximation valid for the high-zeta-potential regime and numerica
the Poisson–Boltzmann equation for charge distribution in the idealized pore geometry. Generalized scaling of pumping perfo
discussed in the context of a parameterization that includes porosity, tortuosity, pore size, bulk ionic density, and the nonuniform co
distribution over charge layers. The model also incorporates an approximate ionic-strength-dependent zeta potential formulation.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

EO pumps are devices that generate both flow rate
significant pressure capacity using electroosmosis thro
pores or channels. The term electroosmosis refers to
bulk motion of an electrolyte caused by Coulombic forc
acting on diffuse ions near a flow channel’s solid/liquid
terface [1]. Although electroosmosis has been studied
nearly two centuries [2], its application to miniaturized d
vices for the generation of high-pressure flow streams
been of interest only in the last three decades. Electr
motic (EO) pumps have no moving parts and offer disti
advantages over other micropumps including high pres
(well over one atmosphere of pressure is readily achiev
at 100 V) and large flow rate (greater than 30 ml/min at
100 V). These devices have the potential to impact a var
of applications including microelectronics cooling and b
analytical applications [3–5]. Interest in this research are
increasing.

In 1974, Pretorius et al. [6] first described using electro
motic flow to drive a liquid chromatographic separation
an alternative to high-pressure pumping, but did not dem
strate the ability to generate high pressure. They dem
strated a flow velocity of 0.2 mm/s at a field of 2000 V/cm

* Corresponding author.
E-mail address:juan.santiago@stanford.edu (J.G. Santiago).
0021-9797/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0021-9797(03)00731-8
in 5-cm-long, 1-mm-inner-diameter glass columns pac
with polydisperse silica particles with dimensions rang
from 1 to 20 µm. We estimate that their porous str
ture should have been able to generate pressures in
cess of 40 atm at a 1-kV applied potential. That sa
year, Theeuwes [7,8] patented and reduced to practice
concept of miniaturized electroosmotic pumps for the g
eration of relatively high-pressure flow streams and
cussed their application to a variety of controlled drug
livery systems. Glass frits 0.2 cm thick with pore diame
0.1 µm were used as the pumping medium, and they dem
strated a flow rate of 8.3 × 10−2 µl/min (for applied field
160 V/cm) and a pressure capacity of 0.7 atm at 50
Theeuwes noted that pump pressure is linearly depende
applied voltage. Two and a half decades later, Gan and
workers [9,10] described the development of a borosilic
porous glass EO pump device with pore diameter 2–5
fabricated using high-temperature sintering. They dem
strated the pumping of several fluid chemistries and the
fect of these chemistries on flow stability. Their pump g
erated 3.5 ml/min and 1.5 atm at 500 V. Two years late
Paul and Rakestraw [11] built packed-column EO pum
and demonstrated that large (12-kV) applied potentials c
be used to generate pressure capacities of 340 atm us
75-µm inner diameter capillary packed with 3-µm-diame
beads. They used a fabrication method similar to tha
Yan [12] for electrochromatographic columns. Extrapolat
of this performance suggests the flow rates of these pu

http://www.elsevier.com/locate/jcis
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were 100 µl/min for 10-kV applied potentials. Paul and c
workers patented the use of these pumps as miniatu
actuation devices and high-pressure valves [13,14]. Zen
al. [15] presented an analytical model and characteriza
of EO pumps fabricated by packing 3.5-µm-diameter be
in fused silica capillaries with inner diameters of 530 µ
These pumps achieved maximum pressure and flow
of 23.5 atm and 4.8 µm/min, respectively, at 2-kV poten
tials. In an effort to increase the flow rate of such pum
Zeng et al. [16] used polymerized frit structures and slu
packing of nonporous silica particles to demonstrate
pumps that delivered maximum flow rates and pressure
0.8 ml/min and 2.0 atm, respectively, at 1.0 kV. More
cently, we demonstrated sintered glass frit pumps that
vide maximum flow rates and pressure capacities on th
der of 7 ml/min and 2.5 atm, respectively, at 200 V, w
an active pumping volume of less than 2 cm3 [17]. In par-
allel efforts, Chen and Santiago [18] and Laser et al. [
demonstrated EO pumps fabricated using planar micro
chined structures in glass and silicon substrates, respect
Chen and Santiago also presented an analytical model fo
estimation of thermodynamic efficiency in these “slot” str
ture pumps, including a detailed energy balance of a p
and load closed-loop system.

Despite the conference, journal, and patent literature
scribed above, research work on EO pumps has no
provided full insight into the operational behavior and fun
mental flow principles behind EO pumps. In particular, g
eralized scaling (e.g., geometric scaling) analyses, det
models of electrical double layer (EDL) physics, advec
current effects, and thermodynamic efficiency models h
not been presented. In this study, we present an analy
and numerical model that can be used to predict pump
rate, pressure, and thermodynamic efficiency across v
tions in geometry, applied potentials, working fluid che
istry, and pressure load conditions. The model treats
porous pumping structure of the pump as a network of m
flow channels in parallel and the case of electrical dou
layers with a thickness on the order of the capillary radius
this paper we refer to this regime as “finite electrical dou
layers”). We have used this model to guide the design of
EO pumps for high-heat-load heat transfer applications

2. Theory

2.1. Electroosmotic flow model

We treat electroosmotic flow (EOF) in porous me
as flow through a large number of idealized tortuous
crochannels in parallel, as depicted schematically in Fig
In this model, tortuous microchannels (i.e., pores) with
cular cross sections are assumed to have equal pore
a, and an equal value of zeta potential,ζ . The channels
have a tortuosityτ and the porous pumping structure h
a porosityψ . This model is suggested by the work of Maz
t

.
e

t

l

-

i,

Fig. 1. Schematic of the porous pump model with idealized cylindr
pores of uniform diameter. Flow is modeled within each pore (as sh
on the right) and then flow rate and current are integrated over all por
the system. The structure can be characterized by its total volume,∀, the
void volume,∀e , its lengthL, and the tortuous characteristic length of t
poresLe . The ratios∀e/∀ and(Le/L)2 are defined as the porosity and to
tuosity, respectively.

and Overbeek [20], which leveraged a similar formulat
for electroosmotic flow in porous diaphragm structures.
model can be used to derive a set of flow equations tha
similar to the corresponding equations for EOF in a sin
capillary [21]. By applying both a pressure load and pot
tial gradients along the axes of the pores of the pump
structure, expressions can be derived for the velocity fi
in a single cylindrical pore [21]. Implicitly, in terms of th
electric potential within the pore, the general velocity p
file within the circular cross section of a pore with a hi
axial-length-to-radius ratio is

(1)u(r) = −a2Px

4µ

(
1− r2

a2

)
− εζEx

µ

(
1− ϕ

ζ

)
.

Here,Px = �P/Le is the streamwise pressure gradient a
Ex = Veff/Le is the streamwise electric field within th
pores. The calculation of flow rate and pressure drop th
fore reduces to finding an adequate model for the pote
distribution associated with the EDL in the pore. This
locity profile can be integrated over the cross-sectional a
A, and axial length of the porous material,L, to yield the
following expression for the flow rate of the entire stru
ture [15,17],

(2)Q = ψ

τ

[
−�PAa2

8µL
− εζAVeff

µL
f

]
,

whereA is the cross-sectional area of the porous struct
τ = (Le/L)2 is the tortuosity, andψ = ∀e/∀ is the poros-
ity. We defineLe as the characteristic length of travel f
flow along the pore path andL as the physical length of th
porous pumping structure.∀e and∀ are the void and tota
volumes of the porous medium, respectively. The term
the right contains the integral

(3)f =
a∫ (

1− ϕ

ζ

)
2r

a2 dr.
0
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The solution to this integral can be determined by solving
Poisson–Boltzmann (PB) equation for the potential, whe

(4)∇2ϕ = 1

r

d

dr

(
r
dϕ

dr

)
= −1

ε

∑
i

n∞,izieexp

(
−zieϕ

kT

)
.

The correct formulation for the model depends on the t
of buffer used and the magnitude of the zeta potential of
EDL [1]. The zeta potential of the glass pumping structu
of interest here are typically of order 100 mV which is s
nificantly higher than the termze/kT (equal to 25.7 mV
for z = 1 atT = 20◦C) in the exponential functions abov
As suggested by Verwey and Overbeek [22] and Hunter
electrokinetic systems with such potential distributions
be treated as having symmetric electrolytes with the p
erties of the counterion (in our case, the sodium ions
our sodium tetraborate buffer). The physical interpreta
of this approach is that, at zeta potential values well ab
25.7 mV, the potential distribution in the EDL is determin
mostly by the attraction of counterions to the charged w
while the repulsion of co-ions is less important [1]. For hi
zeta potential, the counterion density near the wall is sig
cantly higher than that of the co-ion density. In this paper,
will treat our buffers as symmetric, monovalent electroly
with the properties of the sodium ion in determining D
bye lengths and potential distributions. In determining to
pump current, we will use the charge distributions obtai
with this model for the advective current component, a
measured values of bulk conductivity to estimate elec
migration outside of the EDL. This treatment of the bu
conductivity leverages a single measurement to accoun
all of the ions (and their respective ionic mobilities) pres
in the buffer.

For a symmetric electrolyte withz+ = −z−, the PB equa-
tion can be expressed as

(5)
1

r

d

dr

(
r
dϕ

dr

)
= 2n∞ze

ε
sinh

(
zeϕ

kT

)
.

The solution to this nonlinear equation was obtained num
ically using a substitution of the formϕ = 4 arctanh(φ), as
suggested by Bowen and Jenny [23]. The resulting eq
tion is also nonlinear but less stiff. We employed a four
order Runge–Kutta algorithm [24] with a shooting proced
to solve this boundary value problem. The numerical so
tion for ϕ is plotted in Fig. 2. As a comparison, we al
present in Fig. 2 a solution to a linearized form of Eq. (
where the term sinh(zeϕ/kT ) is approximated aszeϕ/kT
(= ϕ∗). This linearization is the so-called Debye–Hückel a
proximation valid for small zeta potentials, which results
a second-order-accurate formulation of Eq. (5) for a sy
metric electrolyte. Rice and Whitehead [21] first used t
approximation to solve for potential distributions in cylind
cal tubes, which yields simplyϕ = ζ I0(r

∗)/I0(a
∗), where

I0 is the zero-order modified Bessel function of the fi
kind. The nondimensionalization in this solution is as f
lows: r∗ = r/λ anda∗ = a/λ. λ is the Debye length which
for a symmetric electrolyte is(εkT /2e2z2n∞)0.5. As shown
Fig. 2. Numerical solution to the Poisson–Boltzmann equation (Eq. (5)
a symmetric electrolyte, shown together with the analytical solution to
linearized Debye–Hückel approximation. The Debye–Hückel approxi
tion is accurate only for ratios ofa/λ of order 100 or larger, and for value
of a/λ of order 0.1 and lower.

Fig. 3. Nondimensional model parametersf andg as a function of nondi-
mensional pore size. The plots are generated using sample paramet
ues ofζ ∗ = −3.9 andβ = 6.8 assuming a typical zeta potential value
100 mV.

in Fig. 2, discrepancy between the numerical and linear
solutions is particularly apparent for values ofa∗ of order
unity.

Given the numerical solution for the potential, the integ
in the flow rate expression,f , can also be calculated nume
ically (using a simple Simpson’s rule integration schem
and the result is plotted in Fig. 3. Shown together with t
numerical solution is the Debye–Hückel approximation
sulting from an integration of Eq. (3), where

(6)f (a∗) ∼= 1− 2I1(a
∗)

a∗I0(a∗)
.

I1 is a first-order modified Bessel function of the first kin
As shown in the plot, the results show the discrepancy
tween the two solutions for a zeta potential value of 100 m
which is typical of our electroosmotic pumps. As expect
both the numerical and linearized solutions off tend to
unity for largea∗ systems which have uniform fluid velo
ity throughout most of the flow cross section. The behav
at low a∗, however, highlights the important difference b
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tween the two solutions and shows how the linearized s
tion underpredicts pump flow rate performance.

The maximum flow rate,Qmax, and maximum pressur
�Pmax, of the pump are derived from Eq. (2) as

(7)Qmax= −ψ

τ

εζAVeff

µL
f,

(8)�Pmax= −8εζVeff

a2
f.

These equations show that, for a given value off , high
electric fields and large cross-sectional areas lead to
flow rate, while pressure performance is linked to small p
diameters and high voltage. This formulation can be no
mensionalized as

(9)V ∗
eff = −Veff

ζ
,

(10)E∗
eff = −Veffλ

ζL
,

(11)Q∗
max= Qmaxµλ

εζ 2A
,

(12)�P ∗
max= �Pmaxa

2

8εζ 2
,

so that the equations become

(13)Q∗
max= ψ

τ
fE∗

eff,

(14)�P ∗
max= f V ∗

eff.

Equations (7) and (8) give the ratio

(15)κ = Qmax

�Pmax
= ψ

τ

Aa2

8µL
.

The parameterκ can be useful in determining the tortuos
of the pump experimentally from pressure and flow rate m
surements and is independent of pump zeta potential
example,ψ can be obtained using dry and wet weight m
surements of the porous structure anda can be estimate
using mean pore radius measurements performed us
mercury intrusion porosimeter [25]. Given these parame
and a measurement of temperature during experimen
Qmax, and�Pmax (to calculate the value of the bulk vi
cosityµ), Eq. (15) can be used to estimateτ .

2.2. Electrical current in electroosmotic flow

In this paper, we present the derivation of an expres
that can be used to predict total current in an EO pump
ing a symmetric electrolyte model. As discussed by R
and Whitehead [21], the total current in an electroosm
pumping channel is the sum of advective and electromi
tion currentsIadv andIem, respectively, for the typical cas
of negligible ion diffusion. In the electromigration comp
nent, Rice and Whitehead made the very rough approx
tion that ion conductivity throughout the cross-section of
pore is uniform throughout the fluid up to the wall of t
r

a

f

capillary and made no allowance for the modified ionic c
centration in the electric double layer (EDL) near the w
Such an assumption is justified when zeta potential is
(e.g.,|ϕ∗| < 1) and the molar conductivities of cations a
ations are approximately equal (e.g., as in the case of
ple KCl electrolytes). However, as suggested by the wor
Morrison and Osterle [26], we can derive the advective
electromigration components of current from the charge
tribution, velocity field, and conductivity distribution withi
the pores as

(16)Iadv= 2π

a∫
0

u(r)ρ(r)r dr,

(17)Iem = 2π

a∫
0

[
σ(r)Ex

]
r dr,

whereρ(r) is the charge density at a point distancer from
the axis andσ(r) is the conductivity at this point. For finit
values ofϕ∗ and symmetric electrolytes in which the m
lar conductivities of cations and ations can be individua
specified, the charge density and conductivity terms ca
written as

(18)ρ(r) = −ε

r

d

dr

(
r
dϕ

dr

)
,

(19)σ(r) = c∞

[
Λ+ exp

(
−zeϕ

kT

)
+ Λ− exp

(
zeϕ

kT

)]
,

whereΛ+ andΛ− are the cation and anion molar condu
tivities, respectively. Note that these expressions forρ and
σ can be approximated using Taylor series expansions o
sinh term in Eq. (5) and the exponents in Eq. (19). To seco
order accuracy, the advective and electromigration cur
densities,i, in the channel are then

iadv= εζPxa
2

4µλ2

(
1− r2

a2

)
I0(r)

I0(a)

(20)+ σ∞Exβ
I0(r)

I0(a)

[
1− I0(r)

I0(a)

]
,

(21)iem= σ∞Ex

[
1− ζ ∗(Λ+ − Λ−)

Λ

I0(r)

I0(a)
+ ζ ∗2

2

I2
1 (r)

I2
0 (a)

]
,

where

ζ ∗ = zeζ

kT
, β = ε2ζ 2

µσ∞λ2 .

In Eq. (21),Λ = Λ+ + Λ−. The parameterβ can be inter-
preted as the ratio of EOF advective current to electro
gration current, and describes the maximum advective
rent density associated with EOF. In applying these sim
symmetric electrolyte equations for current density to
buffered electrolyte case, we use the valence of the so
ion (+1) and the molar conductivity of the sodium io
Λ+ = 5× 10−3 S m2/mol [27]. Conductivity measuremen
show that our bulk solution, sodium tetraborate buffer,
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Fig. 4. Variation of current density across a single cylindrical pore w
Px = 0 for nominal values ofζ ∗ = −3.9 and β = 6.8. (a) Numerical
solution for total current density is compared with the second-order
proximations given by Eqs. (20) and (21). (b) Numerical solution of
contributions of advective current, and electromigration current, along
total current distribution, fora/λ = 1 and 50.

a nominal conductivity ofΛ = 7.5 × 10−3 S m2/mol [28],
so that the effective molar conductivity of buffer ions oth
than sodium (e.g., B(OH)−

4 and B3O3(OH)−4 ) was estimated
asΛ− = 2.5× 10−3 S m2/mol.

Figure 4a shows the variation of the total current den
across a single capillary from the PB solution in Fig. 2
the case of zero pressure gradients (Px = 0). In this calcula-
tion, we assume a typical zeta-potential value of 100 mV
typical parameter values ofζ ∗ = −3.9 andβ = 6.8. Shown
together with the numerical solution are the approxim
expressions Eqs. (20) and (21). The second-order-acc
expressions for current density clearly underpredict the c
ductivity in the EDL for finite values ofϕ∗. Figure 4b shows
the individual contributions of advective and electromig
tion current as derived from the numerical solution of
nonlinear PB equation. The advective current compon
decreases to zero at the wall because of the imposed
slip condition on liquid motion. The electromigration cu
rent component is proportional to local ion density and
increases asr∗ approaches unity. The EDL can have a s
nificant effect on current densities and area-average cu
density can be a strong function ofa∗.
e

-

t

The total current in a single pore is obtained by in
gration of Eqs. (16) and (17) (which are respectively a
integrals of Eqs. (20) and (21)) to yield

Ip = πa2εζPx

µ

a∫
0

(
1− ϕ

ζ

)
2r

a2
dr

+ πa2ε2Ex

µ

a∫
0

(
dϕ

dr

)2 2r

a2 dr

+ πa2c∞Ex

a∫
0

[
Λ+ exp

(
−zeϕ

kT

)

(22)+ Λ− exp

(
zeϕ

kT

)]
2r

a2
dr.

The first term in Eq. (22) is the advective current which
proportional to the pressure gradient,Px , and the second
term is the advective current due to EOF, and the thir
the electromigration current. The total current through al
the pores is obtained by integrating Eq. (22) over the fl
cross-section of the porous structure to obtain

(23)I = ψA√
τπa2

Ip.

We can now derive another relation which is useful in
perimental characterizations of pump parameters and is
pressed in terms of pump flow rate and current. Becaus
the effects of advective current, the total current of an
pump is expected to be a linear function of backpress
The maximum currentImax is therefore obtained at the poi
where�P = 0 (assuming�P � 0). Combining Eqs. (7
and (23),

(24)
Qmax

Imax
= − εζ

µσ∞
g,

where

g = f

/{
β

ζ ∗2

a∗∫
0

(
dϕ∗

dr∗

)22r∗

a∗2 dr∗

(25)+
a∗∫

0

[
Λ+
Λ

exp(−ϕ∗) + Λ−
Λ

exp(ϕ∗)
]

2r∗

a∗2
dr∗

}
.

The expression of Eq. (25) was evaluated using the
merical scheme described earlier with nominal param
values ofζ ∗ = −3.9, β = 6.8. The results are plotted i
Fig. 3. The dimensionless flow rate per current ratio,g, re-
duces to zero for small nondimensional pore diameter
electromigration ion fluxes per unit area are very high
that regime, while flow rate per unit area is greatly redu
from the case of infinitesimal EDLs.g also displays antici
pated trends to unity for largea∗. Shown together with the
numerical solution forg is the small potential, second o
der accurate approximation of the PB equation, in wh
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Eq. (25) can be derived analytically as follows:

g(a∗, ζ ∗, β) ∼= f (a∗)
/{

β

[
I2
1 (a

∗) − I0(a
∗)I2(a

∗)
I2
0 (a

∗)

]

+ 1− ζ ∗(Λ+ − Λ−)

Λ

I1(a
∗)

a∗I0(a∗)

(26)+ ζ ∗2

2

[
1− I2

1 (a
∗)

I2
0 (a

∗)

]}
.

Note the discrepancy between the numerical and the sec
order approximated solutions forg and the second-order a
proximation can overpredict the parameterg by 30%. These
trends have important consequences in the determinati
flow rate and thermodynamic efficiency of the pump. In p
ticular, Eq. (22) allows for the estimation forζ of the pump
flow rate and current measurements at the zero pressur
dient condition (and estimates of the fluid propertiesµ, ε,
and σ∞). This method is used to characterize the per
mance of our EO pumps in Yao et al. [28].

The maximum total current can be nondimensionali
as

(27)I∗
max= − Imaxλ

σ∞ζA
,

which also yields a relationship for the nondimensional e
trical field,

(28)I∗
max= ψ

τ

f

g
E∗

eff.

Last, we can derive for the nonlinear problem a relat
for the ratio of the maximum values of the advected cur
to the total current in a pump:

Imax,adv

Imax
=

{
β

ζ ∗2

a∗∫
0

(
dϕ∗

dr∗

)22r∗

a∗2 dr∗
}

/{
β

ζ ∗2

a∗∫
0

(
dϕ∗

dr∗

)22r∗

a∗2
dr∗

(29)

+
a∗∫

0

[
Λ+
Λ

exp(−ϕ∗) + Λ−
Λ

exp(ϕ∗)
]

2r∗

a∗2
dr∗

}
.

These current maxima occur in the case of zero pres
load. This current ratio is strongly dependent ona∗ and
weakly dependent onζ . As shown in Fig. 5, the numerica
solution of this ratio as a function ofa∗ is similar in shape to
the thermodynamic efficiency (discussed in detail in the n
section) but with a peak value of 0.29 ata∗ = 4 and which
asymptotes to zero for large values ofa∗. The expected the
oretical, area-averaged advective current can be as mu
29% of the total current.
-

f

-

s

Fig. 5. Advective–total maximum current ratio,Imax,adv/Imax, and ther-
modynamic efficiency,ηopt, as a function of nondimensional pore size
ζ ∗ = −3.9 andβ = 6.8.

2.3. Thermodynamic efficiency of porous EO pumps

An analysis of the thermodynamic efficiency of a pla
EO pump has been presented recently by Chen and
tiago [18]. Their model applies a Debye–Hückel appro
mation and uses a measured value of zeta potential o
silica/symmetric electrolyte interface as an input varia
Here we present three extensions to their formulation inc
ing a numerical solution for the PB potential formulation
account for finite values ofϕ∗), the effects of advective cu
rent (which are significant in our current pump structur
and an evaluation of the operational point of maximum
ficiency. Thermodynamic efficiency is defined as the us
pressure work delivered by the pump over the total po
consumption,

(30)η = WP

VappI
= �PQ

VappI
,

whereVapp andI are the voltage and the current in the m
circuit. The total power consumption is expressed as the
of pressure work, viscous dissipation and electrical diss
tion. As described by Chen and Santiago, the power
sumption associated with dissociation of water molec
(electrolysis) at the electrodes is typically negligible co
pared to the overall power dissipated by the pump and is
included in the formulation.

Combining Eqs. (2), (23), and (30) above, the thermo
namic efficiency can be derived as

(31)η = (1− �P ′)�P ′

(θ/4)− �P ′ ,

where

(32)θ = Vapp

Veff

a∗2

2βfg
.

Here pressure is normalized as�P ′ = �P/�Pmax. The θ

parameter takes into account the loss in efficiency du
the electrode-to-frit voltage drop (quantified byVapp/Veff)
and the effects of the EDL on flow rate, pressure, and
rent generation. AlthoughQ is a linear function of�P ,
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the maximum value ofη is not simply the point where
�P = �Pmax/2 since the total current,I , in the denomi-
nator of Eq. (30) is also a function of pressure load. T
optimal point of operation can be determined by formu
ing the partial derivative of Eq. (31) with respect to�P ′
while holdingθ constant to obtain

(33)�P ′ = θ

4
−

√
θ2

16
− θ

4
.

Expanding the right hand side of Eq. (33) in a Taylor ser
we have

(34)�P ′ = θ

4

(
1−

√
1− 4

θ

)
∼= θ

4

[
2

θ
+ 2

θ2 + O

(
1

θ3

)]
.

Taking a second-order-accurate approximation of this r
tion, the optimum pressure condition is

(35)�P ′
opt

∼= 1

2
+ 1

2θ

and the optimal efficiency is then, to second order,

(36)ηopt ∼= θ2 − 1

θ3 − 2θ2 − 2θ
.

For thin EDL systems withθ much greater than unity, a firs
order-accurate expression of�P ′ = 0.5 can be used (so tha
the optimum pressure is�Pmax/2). For this simple case,ηopt
is simply

(37)ηopt ∼= 1

θ
= Veff

Vapp

2βfg

a∗2
.

We therefore see that the parameterθ can be interpreted a
an idealized inverse thermodynamic efficiency for the c
where the advective current is small compared to the e
tromigration current.

Note thatηopt is highly dependent on the size of the po
and this dependence provides insight to the design of h
efficiency pumps. Figure 5 shows a plot ofηopt for both
the exact formulation and the small-potential, second-or
accurate limit with nominal parameter values ofζ ∗ = −3.9
andβ = 6.8, and an ideal condition ofVeff = Vapp. For the
purpose of this plot, we therefore assume a relative cons
zeta potential ofζ = −100 mV. Although the overall trend o
both solutions is similar, a discrepancy is apparent at s
values of nondimensional pore sizesa∗. The peakηopt of
the numerical solution occurs ata∗ = 2.5 as compared to
value ofa∗ = 4.2 for the approximated solution. Further, t
second-order approximation underpredicts the increas
the conductivity of EDLs associated with finite values ofϕ∗,
and therefore overpredicts the maximum efficiency by a
tor of 1.2. For our electrolyte chemistries and the wall pr
erties predicted by the zeta potential model, thea∗ = 2.5
point of the numerical solution yieldsηopt = 6.5%. For in-
stance, the numerical model suggests that 48-nm-diam
pores are optimal for 1 mM ion concentrations. The e
ciency curves shown here are qualitatively similar to
t

r

predictions of Chen and Santiago [18] for planar electro
netic pumps.

The peak in the efficiency curve is a result of the co
peting effects of Joule heating (which dominates at largea∗)
and reduced hydraulic power and higher current densit
low a∗. We first consider the largea∗ limit. To demonstrate
the effect of viscosity and temperature, we define ion mo
ity asν = ud/F [29] which is a measure of the drift velocit
ud acquired by an ionic species subjected to a forceF . Next,
if we approximate ions as hard spheres with a charact
tic Stokes diameter,d , defined as the diameter of a sphe
in continuum fluid flow with a drag equal to that of th
ion [29]. Under this approximation, the ion mobility isν =
1/3πµd and the molar conductivity isΛ = z2e2NA/3πµd.
For a∗ � 1, f ≈ 1 andg ≈ 1, and from Eq. (37), efficienc
becomes

(38)ηopt = 6πdε(T )2ζ(pH, n∞, T , . . .)2

a2z2e2n∞
(a∗ � 1),

where the parameters in parenthesis have been written
mind the reader that permittivity and zeta potential dep
on at least several independent parameters such as te
ature and the chemistry of the working electrolyte and
solid surface. This relation points out interesting function
ities. First, in this regime, thermodynamic efficiency is n
a function of solvent viscosity and temperature depend
only through permittivity and zeta potential. Unless temp
ature drastically affects ion density (as it might in the c
of chemical reactions in a weak electrolyte),ζ has only a
weak dependence on temperature. Second, we see that
ions (with associated lower molar conductivities and m
bilities) are thermodynamically favorable as they impart
same force density into the flow with less Joule dissipat
For the same reason, ions with valances higher than u
are unfavorable. In the regime of thin EDLs, smaller po
are therefore favored and there is a decrease ofηopt asa∗
increases. Higher conductivity yields higher current de
ties and lowers zeta potential (see Eq. (38) and Fig. 6)
is therefore also detrimental to thermodynamic efficien
However, as discussed in Yao et al. [28], conductivity
ten has a lower limit dictated by practical consideratio
associated with pH stability. That is, for a given electrol
buffer, lower ion concentration implies lower buffering c
pacity. Low buffering capacity can adversely affect pH
high-flow-rate, high-current applications and thereby aff
zeta potential and overall pump performance.

For the largea∗ regime, we can also use an appro
imate expression forζ to express thermodynamic effi
ciency in terms of surface charge density. As discusse
Hunter [1], this expression follows from the PB equation
ζ = σsλI0(a

∗)/(εI1(a
∗)) for small potentials. Substitutio

of this expression into Eq. (38) yields

(39)ηopt ∼= 3πdσ 2
s εkT

a2z4e4n2∞
(a∗ � 1, smallζ ∗).

This expression shows that the dependence ofηopt on ε is
perhaps less important than suggested by Eq. (38) and
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Fig. 6. Nonlinear fitting curve for the GCSG site-binding model for
zeta potential of KCl/silica interfaces. The curve fit shown is of the fo
ζ = (−0.058 log10(pH) + 0.026)(− log10(c∞))1.02 which gives values
within 10% of the GCSG site-binding model prediction within the follo
ing range: 2.8� pH � 10, 10−4 � c∞ � 10−2 M.

phasizes the importance of using monovalent ions to ach
high-efficiency pumps. Also, this expression shows the
plicit dependence ofηopt on temperature and surface cha
density, which is a strong function of pH and concen
tion [30].

At values ofa∗ of order unity and lower, the effects of fi
nite EDLs dominate. In the regime ofa∗ � 1, using second
order-accurate series expansions forf andg, Eq. (37) yields

(40)ηopt ∼= 3πdζ 2a2z2e2n∞
16k2T 2

(a∗ � 1, smallζ ∗).

If we assume a constant zeta potential, this equation sh
ηopt decreases asa∗ decreases in the smalla∗ regime (see
Fig. 5). This can be explained in terms of pressure work.
cause of the no-slip condition at the wall, finite EDLs imp
a significant deficit in mass flux as compared to the thin E
“plug flow” case. This contributes to lower flow rate per u
area, lowering hydraulic power produced. Since pressu
a linear function of flow rate, pressure forces are accordi
decreased in this fully viscous liquid flow.

In addition to lower hydraulic power, channels with sm
a∗ also typically have higher average current density sin
at high zeta potentials, the conductivity of EDLs can
much higher than the bulk conductivity. For example, lo
ion conductivity near the wall for the prediction given
Eq. (19) is 34 times higher than the conductivity of the b
electrolyte, as shown in Fig. 4b. At lowa∗, both this and
the hydraulic power reduction discussed above contribu
lower thermodynamic efficiency for decreasinga∗. Note that
the model described here neglects ionic current in the “s
nant layer” of counterions immediately adjacent to the w
of the microchannel, as discussed by Lyklema et al. [
However, the effects of such ion conduction would furt
increase average current density in electrokinetic chan
and therefore should not change the trends predicted b
model in the lowa∗ regime.

Lastly, we should note that the theoretical developm
given in this paper for flow rate, pressure, and efficienc
r

electroosmotic pumping should be interpreted only as an
proximation for values ofa∗ of less than about unity. Th
model uses a simple form of the Boltzmann equation wh
may result in inaccurate descriptions of the potential dist
ution (and therefore ion density distributions) for the cas
overlapping charge double layers. Although such layers h
recently been treated theoretically by Qu and Li [32] a
Conlisk et al. [33], we believe that the theory for overla
ping EDLs and associated models for the dependence ofζ on
a∗ has not yet been adequately developed. We are curr
working on a model for electrokinetic flows with overla
ping EDLs and will discuss this topic in a future paper.

2.4. Model for pH and ion density dependence of
zeta potential

Zeta potential is a key parameter in the characteriza
of any EO pump system. Classical theory describes the
as divided into the Stern and Gouy–Chapman diffuse
ers [2]. The Stern layer counterions are absorbed onto
wall, while the ions of the Gouy–Chapman layer are diff
and therefore available to impart work on the fluid. The pl
separating these two layers is called the shear plane, an
potential at this plane is the zeta potential,ζ . Combining
the Boltzmann distribution of the EDL ions with the Po
son equation, Gouy–Chapman (GC) theory relates the
potential to the effective surface charge of the shear pl
which is a strong function of pH and a relatively weak fun
tion of ionic concentration.

Because of the immense difficulties in predicting
value ofζ from first principles, this parameter is typical
an empirically determined value obtained using electro
motic flow or streaming sodium tetraborate buffer gene
difficult to determine, even for a fixed working fluid and s
face material. However, as we discuss in Results, the v
of ζ varies significantly with changes in the ionic conce
tration, c∞, of the electrolyte. As pointed out by Yates
al. [30], applying a simple Gouy–Chapman diffuse E
model leads to the erroneous conclusion thatζ scales with
concentration asc−0.5∞ . Yates et al. [30] have presented
EDL model, called the site-binding model, on the basis
Gouy–Chapman–Stern–Grahame(GCSG) theory, which
be used to predictζ across a significant range of pH a
ionic concentration values for simple buffers on oxide s
faces. Their model separates the surface and buffer ass
tion/dissociation reactions of the EDL into those occurr
on a layer immediately adjacent to the surface (below the
ner Helmholtz plane, IHP) and a layer corresponding to
molecules further from the wall but unable to diffuse (ab
the outer Helmholtz plane, OHP). GCSG theory takes
account interfacial chemical reactions at the IHP (involv
silanol groups at the surface and water ions) and the r
tions which occur at the OHP (which involve water ions a
the association/dissociation reactions of the electrolyte io
This theory predicts a less pronounced (and more accu
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dependence of zeta potential on bulk ionic concentra
than the GC theory.

Scales et al. [34] have applied the model of Yates
al. [30] to the case of KCl electrolytes on silica surfa
The site-binding model fits their experimental data very w
given modeling parameters suggested by Scales. How
because of the nature of the equilibrium reaction formu
tions, it is difficult to derive an explicit formula forζ based
on their model. For our pump efforts, therefore, we have g
erated the following explicit relation forζ as a function of
pH and ion density by curve fitting to the model data p
sented by Scales:

(41)ζ = (−0.058 log10(pH) + 0.026
)(− log10(c∞)

)1.02
.

This curve fit predicts the value given by the side-bind
model to within 10% for ranges of ionic concentration
10−4 to 10−2 M and pH values of 2.8 to 10. A compa
ison of this curve fit and the site-binding model results
shown in Fig. 6. In this paper, we apply the zeta poten
model for silica/KCl interfaces as an approximate pred
tion of trends in our borosilicate/borate buffer pumps. O
justification for this is that, as discussed earlier, we exp
the buffers in our high zeta potential porous structures to
as symmetric electrolytes with the properties of the un
lent sodium ion. A second justification of this is that t
observed trends of zeta potential as a function of pH
concentration for silica and borosilicate are similar [35].
Results, we quantitatively compare the trends we obse
from our borosilicate-based EO pumps to the trends repo
by Scales et al. [34] for silica surfaces with KCl.

3. Conclusions

We have developed analytical expressions for the e
troosmotic flow rate, current, and thermodynamic efficie
for a porous structure EO pump operating under a pres
load. The model includes a numerical solution of the non
ear Poisson–Boltzmann equation for electric potential
the coupling of this solution to the equations of fluid moti
and ionic current. The model is valid for large zeta pot
tial and accounts for the nonuniformity of ion conductiv
across the flow areas of a porous pump. We treat our bu
as symmetric, monovalent electrolytes and leverage a
gle measurement of bulk liquid conductivity to account
the current contribution of all ions present in the buffer. T
model uses determined pore sizes to predict absolute
sure performance. The model also leverages a curve fi
the GCSG site-binding model for KCl/silica interface to e
timate the dependence of zeta potential on ionic density
pH in our borosilicate-based system. The model expre
pressure, flow rate, current, and thermodynamic efficie
of EO pumps as a function of quantifiable electrolyte pr
erties and the properties of the electrical double layer. Fo
nondimensional surface potential thermodynamic efficie
curve predicts a maximum is a result of the effects of Jo
,

-

heating, which dominates the trend in efficiency at largea∗,
and the effects of reduced hydraulic power and higher
rent density in the lowa∗ regime.

Lastly, we note that the Boltzmann equation is not
rectly applicable for overlapping EDL fields where the ce
ter potential associated with the wall charges is nonzero,
the ionic concentrations in the center of the pore are not
essarily equal to those of the original bulk concentrat
Therefore, the solutions of the PB equation presented
may result in inaccuracy in our model for the thick EDL ca
(e.g.,a∗ less than about unity). We are currently develop
an analytical model to account for the effects of overlapp
EDLs.
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Appendix A. Nomenclature

A Cross-sectional area (m2)
Ex Electric field (V m−1)
F Force (N)
I Current (A)
L Length (m)
Le Average length along the pore path (m)
NA Avogadro’s number (mol−1)
Px Pressure gradient (Pa m−1)
�P Pressure capacity (Pa)
Q Flow rate (ml min−1)
T Temperature (K)
V Potential (V)
WP Pressure work (W)
∀ Total volume of the porous medium (m3)
∀e Void volume of the porous medium (m3)
a Pore radius (m)
d Sphere diameter (m)
c∞ Electrolyte concentration (M)
e Elementary charge (C)
i Current density (A m−2)
k Boltzmann constant (J K−1)
n∞ Electrolyte number concentration (m−3)
r Radial coordinate (m)
u Velocity (m s−1)
z Charge number (–)
Λ Molar conductivity (S m2 mol−1)
β Nondimensional advective current parameter (–
ε Permittivity of liquid (C V−1 m−1)
η Thermodynamic efficiency (–)
θ Nondimensional efficiency parameter (–)
λ Debye length (m)
µ Viscosity (Pa s)
ν Mobility (m s−1 N−1)
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8)

(9)
ρ(r) Charge density at a point distancer from the axis
(C m−3)

σ(r) Conductivity at a point distancer from the axis
(S m−1)

σ∞ Electrolyte conductivity (S m−1)
σs Surface charge density (C m−2)
ϕ Electrical potential (V)
ζ Zeta potential (V)
τ Tortuosity (–)
ψ Porosity (–)

Subscripts

adv Advection
app Applied value
eff Effective value
em Electromigration
max Maximum value
opt Optimal value
p Single pore
+ Cation
− Anion
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